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PERTURBATION THEORY ANALYSIS
Here we provide the classical perturbation theory analysis of correlations in the target
modes of the simplified, single branch phonon model, which are induced by oscillations of
the anharmonically coupled coherent phonon. If the coherent mode oscillates, with Q0 =
A cos(Ωt), and is anharmonically coupled to the other phonon modes, this gives rise to an
oscillating force constant ω2q [1 + 2gqA cos(Ωt)] for mode q. If we treat the time-dependent
force constant as a small perturbation, writing the equations of motion for the target mode
coordinate Qq and momentum Pq in the form,
d
dt
Qq − Pq = 0, (1)
d
dt
Pq + ω
2
qQq + γqPq = − 2ω2qgqQ0 Qq,
we can think of the r.h.s. as a small driver or source term,
δρ(t) =
 0
−2gqω2qQ0 Qq
 =
 0
−2gqω2qA cos(Ωt) Qq
 , (2)
and find the resulting response of the system using the Green’s function,
Gλ(t) = e
−γqt/2
 cos(ωqt) 1ωq sin(ωqt)
−ωq sin(ωqt) cos(ωqt)
 , (3)
2for damped harmonic motion of mode q; the correction due to anharmonic coupling to Q0
is then,  δQq(t)
δPq(t)
 = ∫ t
−∞
Gλ(t− t′)δρ(t′) dt′, (4)
where Qq = Q
(0)
q + δQq and Pq = P
(0)
q + δPq. Thus,
δQq(t) =
∫ t
−∞
e−γq(t−t
′)/2 sin[ωq(t− t′)]
ωq
{−2gqω2qA cos(Ωt′) Qq(t′)} dt′, (5)
which can be solved in first order by setting Qq(t
′) on the r.h.s. equal to the unperturbed
value, Q
(0)
q (t′). The first order change of the correlation function is then
δ〈Q2q(t)〉 = 〈Q2q(t)〉 − 〈
[
Q(0)q (t)
]2〉 ≈ 2〈δQq(t) Q(0)q (t)〉. (6)
Using the harmonic equations of motion for Q
(0)
q , we can find the correlation functions at
times t and t′ in terms of the equal-time correlation functions:
〈Q(0)q (t′) Q(0)q (t)〉 = e−γq |t−t
′|/2 cos[ωq(t−t′)] 〈Q(0)q (t) Q(0)q (t)〉 = e−γq |t−t
′|/2 cos[ωq(t−t′)] 〈Q2q〉0.
(7)
For the unperturbed system 〈Q2q〉0 = Eq/ω2q , where Eq is the vibration energy in mode q,
and the correlation function
〈δQq(t) Q(0)q (t)〉 =
∫ t
−∞
e−γq(t−t
′)/2 sin[ωq(t− t′)]
ωq
{−2gqω2qA cos(Ωt′)〈Q(0)q (t′)Q(0)q (t)〉} dt′
= −2Eq
ωq
gqA
∫ t
−∞
e−γq(t−t
′) sin[ωq(t− t′)] cos[ωq(t− t′)] cos(Ωt′) dt′. (8)
For small damping γq, the integral is only significant when 2ωq ≈ Ω and then
δ〈Q2q(t)〉 ≈ −
Eq
ωq
gqA
γq sin(Ωt) + (2ωq − Ω) cos(Ωt)
γ2q + (2ωq − Ω)2
. (9)
From these expressions, we can find the acceleration of coherent mode Q0 that arises from
the induced correlation in δ〈Q2q(t)〉. Each q contributes on average a term, −gqω2qδ〈Q2q(t)〉/N
to the acceleration of Q0. Assuming γq << ωq and integrating over q then gives a damping
rate for the coherent mode as
γ0 =
pi
2N
∑
q
Eq |gq|2 δ(2ωq − Ω) = kT pi
2
|gq|2D2−phon(Ω), (10)
where D2−phon(Ω) is the two-phonon density of states per unit cell at frequency Ω.
3ESTIMATE OF ANHARMONIC DIMENSIONLESS COUPLING CONSTANT
The magnitude of the anharmonic coupling g˜ can be estimated from the decay rate γ0
of the coherent zone-center phonon mode. For decay into two acoustic phonons, the two-
phonon density of states is equal to half the acoustic mode density of states at ωq = Ω/2.
We can estimate D2−phon ∼ 1/ωD, where ωD is the Debye frequency. The mean-square
displacement 〈d2〉 of the ions is of the order of 9kT/(Mω2D). Substituting these estimates
into Eq. 10 gives
γ0
ωD
∼ |g˜|2 〈d
2〉
a20
. (11)
If we relate the mean-square displacement at the melting temperature Tm to the Lindemann
criterion, 〈d2〉 = κ2La20 at T = Tm, we can give an approximate expression for the mode
lifetime at temperature T :
γ0(T )
ωD
∼ |g˜κL|2 T
Tm
. (12)
For bismuth at room temperature, γ0 ≈ (2 ps)−1, ωD ≈ 20 ps−1 and T ≈ Tm/2, which
gives |g˜| ≈ 1, using a typical value of κL = 0.2. The actual amplitude of resonant squeezing
oscillations will depend on details of the anharmonic coupling to target modes in a particular
material.
EQUATIONS OF MOTION OF PHONON CORRELATION FUNCTIONS
Here we present details of the equations of motion for the correlations of target mode
coordinates in the full numerical simulation of photo-excited bismuth. If we include a phe-
nomenological damping γλq and coupling of mode λq to an external heat bath at temperature
T to represent the decay of the target modes, the equations of motion for the target modes
may be written in matrix form as:
d
dt
Qq = Pq,
d
dt
Pq = −Dq(Q0, n)Qq − γqPq + kTγqξ, (13)
where Qq and Pq are 6-component vectors for each q and Dq(Q0, n) is the dynamical matrix,
which depends on the coherent phonon coordinate, Q0 = cx0/
√
M , and the electron-hole
plasma density n, and ξ is a Brownian random noise term, with 〈ξλ(t)ξλ′(t′)〉 = δ(t− t′)δλλ′ .
Here x0 is the dimensionless internal atomic displacement parameter, c is the rhomohedral
4unit cell dimension along the trigonal axis and M is the reduced mass per unit cell. This
gives equations of motion for the correlation functions 〈PλqQλ′q〉 etc. as follows:
d
dt
〈Qq ∗Qq〉 = 〈Pq ∗Qq〉+ 〈Qq ∗Pq〉, (14)
d
dt
〈Qq ∗Pq〉 = −〈Qq ∗Qq〉Dq(Q0) + 〈Pq ∗Pq〉 − 〈Qq ∗Pq〉γ, (15)
and
d
dt
〈Pq ∗Pq〉 = −Dq(Q0)〈Qq ∗Pq〉 − 〈Pq ∗Qq〉Dq(Q0)− 2γq [〈Pq ∗Pq〉 − kT ] , (16)
where we have used the matrix notation, 〈Qq ∗ Pq〉λλ′ ≡ 〈QλqPλ′q〉 etc. These equations
of motion are integrated numerically, using the Euler-Cromer or “leap-frog” method with
time-step, dt = 5 fs, in parallel with the motion of the coherent phonon displacement x0 and
time-varying lattice temperature, T . The equilibrium values of the correlation functions,
prior to excitation of the coherent phonon, are
〈Qq ∗Qq〉 = kT D−1q (Q0 = 0),
〈Qq ∗Pq〉 = 0, and 〈Pq ∗Pq〉 = kT. (17)
